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Growth in SL/p

Used Rep of Shp) + Gowens.



Growth in Sh
↳ is any finite liech

↑
y
Gowers

, if (2) hold = A=SL(p)



Lanceu-Pink inequalities /for subgroups
SLz is an example of a linear algebraicyp.Basics on Algebrain Geometry
AlgebraicVarieties : k = field E an algebraic

closure ofl
n)) Consider the alline space R

*

is equipped with the Zmiski topology



the closed set inthis top are the sets of
the spape : I ch[X, . . . .,Xn] an ideal

-M

VI(k) =(xcks+ VPcIP(x)=0)
Example : n= 1 Per[X] I=E .P

VI() =Get P(x)=03 =vootp(k)



= u=4

S (a,b,4)est ad-bi==Happ
in [A,B,C,DJ.

-
Such a closed set

V-(m) is called an affine algebraic
I

subvariety of E



Semg : ICk[Xy, ---,Xn] is finitely generated
VIE) is defined as the zero net of
a finte family of polynomials.

·Given V =VI some only subvariety
if the generator of I have degree
->D we say that

V has degreeXD



-if I is generated by at most 2 polynomials
of degree <C we

say
thatV

has complexity <C .

CrectedcomponentofV:

Vdecomponeaa
subvarieties : the connected component of

V



and their number depend only non
The complexity of V .

=Irreduciblecomponents of V :
Vis irreducible if it is notthe union of
two proper subvarieties.

Any variety is a union of a uniquefints



act of irred subvarieties called the
Tired components of V.

-IV is ireed: Its dimension is the
maximal leght of a chain of inclusions
944V9 .....V= /

where the Vi are irred.



Ex : dim
"

= m

dim VAD-BC = 3 = 4-4 .

- Suppose our starts from ICk[,-,/n]
one can define
V(k) = [yckst YPeIP(x)=0]I

and for any riskV(k) =(xckst +Pet P()=0)



k= E
()k) = Vy()E =E

We then say
that V is definedover le

and in factone car define
17Exek Jakany commentea



Linear algebraic Groups
A linear algebraic gp is a subvarietyofthe

affine space Mn(h)sh
with is a gp for multiplication of

matrices.

Ex :St)=[M(h)stad-b



GL(k) =(gcM(z) detgt0)
to see GLn(k) as a closed subvariety
we see it inMult
GLn(m) :=G(g,t)eMu(h)+Est detg .t =b)
gef(n(k) =(g,(g)")eMy(k)E



Def: a linear algebraic gp6) is a
cubvariety of GLuCk)<Mult)E
with is a subgp of GluCE).





Structure of She
Elements : Any element of SLz(k) is annihilatedby

2

Pg(X)= X - tr(y)X + 1
- tr(g) + 12 g has 2 distinct eigenvalues

&

↓, ek g is conjugate to 0
X
, xz=1



wma that conjugation is in SLE
of h is a conjugating matrix

det(h)he Sh(E) and conjugated
g to (9)

-tr(g) = +2 . g= Ide (gis central)
G-[d23 = Esty(t)



= Pg = Pg,min = X
*

+ 2X +

g
has II ass unique eigenvalue
gis conjugatie +)'Y) xet

g
is called regular quaisiumpotent

regular unipotent if
tr(y) =2



subgroups : geSl(E) Ste-G

Cent (h)= heG(k) sthghog]g

↳ algebraic subj of Ghg-gh
-
o

-If gis semisimple Cent (b) is conjugate
to T =Diage(n(te



- The centralizer ofasselements is
called amaximal Towns is conjugate
to Diaga(SL)(i)

- let Tg = maximal tos



the normalized of Tg

Nort(h) =SheSh high

Nat(i) = TgWwgTg where

WgTgw-Ty and W



T= ((t= )]
w+ =(

- If g is regular unipotent
Centg(m) = - N when Ng is ag

unique unipotent subgp containing



Ng is conjugate to
W =((bY) x] .

Norn(E) he GE hNgh-Ng
= Bg = Bug = is calleda Barf
subgroup and is conjugate



to the "Standard" Bo subzp
B= ( ) tek" xet]

S



tionalLine an transformation
#(k) =504LE thesetof lines

in k

- = G(x,y)etst By - xx =03 for
some pair (a,B) #10,0



↳ SiaBB
SLE) o IE) /via the obvious action

ofSt
Vz =s()eEux

labz



The kernel of the action is [d]
- A Boel subyp

,

is the stabilizes ofa unique
point zekuse) Be

eg : Bof()3 ·



-
A maximal tous is the pointwise stabilizer

of a pair 37,72] zotz

eg : Diagz(k) = Stab0,
The normalizes of a maximal tozus
Tz
,,7

is the stabilizes of theset [7,,223



Special Cares of LP fa SLz(h)

Proof : The Constant C will be determined
via the proof.

-Suppose Baelsubgp BEG(k)



IBnAl < CIA)
let yeG(E) and suppose AnyB &
the
gp
AnB us AnyB by right

translations : geAnB reAnyB
x =a = jb then

gety-ubgepB
age AnyB .



this action is simple transitive
/AnyBFIABIX)

Claim : IgeA stgeabed0
the set of matrices abstabed-0
is the union of By BoxwBo wBy wBo



f CX4 and IA) is sufficiently large
/An(ByrBouwByuwBolKIAI
so there existe some get withabedo

- Up to conjugating T wma that
T=((60) tem



Let Ta = TnA .

"
To bound (Tyl by 11 it is sufficient
to produce an injective map
9 :T ++x++-A

= It=19(TarTaTallIA))



Write T =AnT(( ten)
Hock

Given to
,
t
,ze HA

9(t,tyty(=(4)b,
=)/bab,



pl))
since abedto the entries of the middle
matux an zero for at most 8 values
of to

Given st
,
outside these 8 values



one produce /Hyp different elements
of A .
In addition the product ofthe diagonal
entries of the matrix o are
* lat+bet(betedt
-indep of ty,to



If we vaniy to
the map

tatbebete
take value in I and has fiber of

size <4
one obtientIHA differentvaluis



=T=/1.

I





ConjugacyClasses

ge SL(m)

Cong(g) =Shgh" neS]
We have





Proof : (g semisrumple)











A Dichotomy
AcSh(k) A not roughly contained in

Bael B.
any





↓P /o AP Subgps
k = limite field Ky
AcSL(k) a K-approximate Subyp
st <A) = Sh(k) .

We will
prove version of LP for A.
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